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Statistical Mesomechanics of
Solid, Linking Coupled Multiple
Space and Time Scales
This review begins with the description of a new challenge in solid mechanics: multiphys-
ics and multiscale coupling, and its current situations. By taking spallation as an ex-
ample, it is illustrated that the fundamental difficulty in these multiscale nonequilibrium
problems is due to the hierarchy and evolution of microstructures with various physics
and rates at various length levels in solids. Then, some distinctive thoughts to pinpoint
the obstacles and outcome are outlined. Section 3 highlights some paradigms of statisti-
cal averaging and new thoughts to deal with the problems involving multiple space and
time scales, in particular the nonequilibrium damage evolution to macroscopic failure. In
Sec. 4, several frameworks of mesomechanics linking multiple space and time scales, like
dislocation theory, physical mesomechanics, Weibull theory, and stochastic theory, are
briefly reviewed and the mechanisms underlying the trans-scale coupling are elucidated.
Then we turn to the frameworks mainly concerning damage evolution in Sec. 5, namely,
statistical microdamage mechanics and its trans-scale approximation. Based on various
trans-scale frameworks, some possible mechanisms governing the trans-scale coupling
are reviewed and compared in Sec. 6. Since the insight into the very catastrophic tran-
sition at failure is closely related to strong trans-scale coupling, some new concepts on
nonequilibrium and strong interaction are discussed in Sec. 7. Finally, this review is
concluded with a short summary and some suggestions. “This review article cites 130
references.” �DOI: 10.1115/1.2048654�
1 Introduction
The study of phenomena with coupled multiple space and time

scales is a need and an opportunity. This is especially true for the
problems in solid mechanics with microstructures. In particular,
the main concern of coupled multiple space and time scales in
solid mechanics should be put on those related to breakdown
properties. The fundamental difficulty in the problems is due to
the hierarchy and evolution of microstructures with various phys-
ics and rates at various length levels in solids. In order to form
such a trans-scale theoretical framework to link coupled multiple
space and time scales, the mechanisms governing how the meso-
scopic kinetics are in balance with macroscopic equations of me-
chanics should be clarified.

Some typical frameworks are reviewed in this paper. The em-
phasis is put on their representations, characteristic mesoscopic
length scales, the mechanisms governing the transfer of mesoscale
parameters to macrobehaviors and their trans-scale formulations.
For trans-scale damage evolution to failure, statistical microdam-
age mechanics, which deals with several length and time scales, is
reviewed. For an illustrative problem—spallation, the Deborah
numbers, namely, the ratios of multiple time scales—appear to be
the key factors governing the multiscale process. Furthermore, the
cascade of damage evolution magnifies the effects of microstruc-
tures on failure and induces trans-scale sensitivity. For the sake of
predicting evolution induced catastrophe, the concept of critical
sensitivity seems to be promising in practice.

In one word, the new challenge in statistical mesomechanics of
solids is to deal with the coupled physics with multiple time scales
Transmitted by Assoc. Editor J. Engelbrecht.
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at multiple space scales, to understand the nonequilibrium evolu-
tion to catastrophe of engineering significance, to establish the
corresponding coupled trans-scale formulations, and to clarify the
mechanisms underlying the trans-scale coupling.

The main goal of the present review is to clarify why the study
of phenomena with coupled multiple space and time scales is a
need and an opportunity and what the challenges are in character-
izing multiscale phenomena, then to give some clues to the physi-
cal understanding and formulation of these problems. This is es-
pecially important for the problems in solid mechanics with
microstructures and related to breakdown properties, that is, the
failure of solid materials.

This review begins with the description of a new challenge in
solid mechanics: multiphysics and multiscale coupling, and its
current situations. By taking spallation as an example, it is illus-
trated that the fundamental difficulty in these multiscale nonequi-
librium problems is due to the hierarchy and evolution of micro-
structures with various physics and rates at various length levels
in solids. Then, some distinctive thoughts to pinpoint the obstacles
and outcome are outlined. Section 3 highlights some paradigms of
statistical averaging and new thoughts to deal with the problems
involving multiple space and time scales, in particular the non-
equilibrium damage evolution to macroscopic failure. In Sec. 4,
several frameworks of mesomechanics linking multiple space and
time scales, like dislocation theory, physical mesomechanics,
Weibull theory, and stochastic theory, are briefly reviewed and the
mechanisms underlying the trans-scale coupling are elucidated.
Then we turn to the frameworks mainly concerning damage evo-
lution in Sec. 5, namely, statistical microdamage mechanics and
its trans-scale approximation. Based on various trans-scale frame-

works, some possible mechanisms governing the trans-scale cou-
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pling are reviewed and compared in Sec. 6. Since the insight into
the very catastrophic transition at failure is closely related to
strong trans-scale coupling, some new concepts on nonequilib-
rium and strong interaction are discussed in Sec. 7. Finally, this
review is concluded with a short summary and some suggestions.

2 A New Challenge: Multiphysics and
Multiscale Coupling

2.1 Background. “There is another sort of problems, i.e.,
strength and plasticity theory, for which even essential physical
formulation is still not available for engineering applications,”
Tsien wrote about 40 years ago in his well-known book Physical
Mechanics �1�.

This statement also works from the physical point of view.
“Despite the tremendous development of solid-state physics in
this century, physicists have paid slight attention to how things
break. In part, this neglect has occurred because the subject seems
too hard. Cracks form at the atomic scale, extend to the macro-
scopic level, are irreversible, and travel far from equilibrium” �2�.

Unfortunately, this problem still remains a compelling chal-
lenge until now. In a recent review article in Applied Mechanics
Reviews, Bazant and Chen �3� indicated that theoreticians in me-
chanics of materials paid little attention to the question of scaling
and size effect in failure. The reason was that all the theories that
existed prior to the mechanics of distributed damage and quasi-
brittle nonlinear fracture use a failure criterion in terms of stresses
and strains exhibiting no size effect. Furthermore, they clearly
drew the progressive expansion of human knowledge �Fig. 1�.
“Although much has been learned, it appears that damage me-
chanics is a formidable problem whose difficulty may be of the
same dimension as turbulence,” they wrote. In fact, the problem
of turbulence “has occupied the best minds for over a century”
and “it will take a long time to resolve completely” �3�. Then they
identified a micromechanical basis of damage, statistical charac-
teristics of size effect, etc., as necessary, and potentially profitable
research topics for the immediate future.

What are the main causes for the long-lasting and still a future
challenge? From engineering points of view, as noted by Becker
et al. �4�, in order to predict and prevent machines from failure,
we should pay more attention to prognostics and health manage-
ment. This might be a six-layer hierarchy of integrated predictive
prognostics. For instance, for a vehicle, these are platform, sys-
tem, subsystem, component, element and material. “Though mis-
sion demands are made at the top level, failure is initiated at the
lowest level.” In fact, the initial damage, like microcrack or mi-
crovoid, may come from the lower microstructual level in mate-
rials. But the evolution coupling these levels, like creep or inter-
action of microdamage, may lead to the eventual rupture of the
whole platform. Perhaps, the recent tragedy of the Columbia ac-

Fig. 1 Damage mechanics in the perspective of the expansion
of human knowledge †3‡
cident may result from such a similar process with multiple length
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and time scales �www.spaceref.com�.
More specifically, Miller said in the opening address at the 7th

International Congress of Fatigue, that “as we enter the third
millennium, i.e., beyond 2000AD, more catastrophic fatigue fail-
ures will occur as engineers push the limits of design even further
due to demands for greater efficiency” and “both defect size and
cyclic crack growth increments are measured on the submicro to
atomic scales” �5�.

Maybe owing to the similar feeling, Glimm and Sharp �6� pro-
posed multiscale science as a challenge for the twenty-first cen-
tury. They stated that multiscale science is the study of phenom-
ena that couple distinct length and time scales and there is both a
need and an opportunity to develop the methods of multiscale
science.

2.2 Current Situation. Thus, what sort of methods have been
developed for these and similar problems and what are the poten-
tial and limitations of these approaches should be examined at
first.

As a brief overview of the approaches to solids with microstuc-
tures, we should emphasize micromechanics and damage mechan-
ics. Perhaps Eshelby’s solution to inclusion �7�, Mura’s book �8�,
and Budiansky’s review paper �9� are the representative of the
early works dealing with microstructures in terms of microme-
chanics. The paradigm of the so-called micromechanics was to
apply traditional continuum mechanics to the analysis of typical
microstructural processes. In this way, people have understood a
number of significant features of microstructures, such as eigen-
strain in inclusion, etc. In this sense, the essence of micromechan-
ics is a top-down approach to expand continuum mechanics to its
minimum limitation.

Unlike micromechanics, damage mechanics deals with changes
in microstructures as a continuum variable—damage, or say a new
internal variable in thermodynamics, �10–13�. Continuum damage
mechanics ignores either microscopic details or governing mecha-
nisms at meso- and microlevels. Thus, it is not strange why Kra-
jcinovic �13� asked whether the selection of damage parameters is
an art or science. As a practical tool in engineering, it simply takes
the average variations of mechanical properties in damaged mate-
rials as the measure of damage, for example, the degradation of
elastic modulus. Therefore, continuum damage mechanics con-
sists of two parts: evolution law and critical damage. However,
both evolution law of damage and critical damage are phenom-
enological and empirical, without micro- or mesoscopic physical
basis.

Although, the two approaches start from two ends of multi-
scales in solids and look very different, both of them are con-
tinuum mechanics in nature and have no business with any new
statistical regulations of microstructures. Therefore, these cannot
properly cope with the nonequilibrium evolution of distributed
microdamage to failure.

Later, so-called mesomechanics was proposed, for instance, see
�14�. Prompted by the rapid development of new materials and
being a connection of microstructure and mechanics, “mesome-
chanics is a new research thrust to evolve noncontinuum mechan-
ics.” It will “undoubtedly bring forth drastic modifications in the
existing mechanics theories and, probably, new mechanics con-
cepts” �14�.

On the other hand, multiscale problems have also been investi-
gated and discussed beyond the mechanics community, especially
in mathematics and computations �15,16�, physics and chemistry
�17�, biology �18�, as well as material sciences �19�.

For the viewpoint of computational solid mechanics, most of
these works contributed to the multiscale algorithms. Some papers
provided informative views on the paradigms used in these meth-
ods. Roughly speaking, there are three types of modeling: atom-
istic modeling and dislocation dynamics, continuum modeling,
and network or lattice simulations. For example, computational
methods were developed at microscales in terms of discrete dis-

location plasticity, nonlocal plasticity, and coupling of diffusion
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and deformation �20�; at mesoscales by the continuum mesome-
chanical finite element method �21�; and two-scale method for
periodic mesoscopic configurations �22,23�. Combined continuum
and atomistic modeling has been performed and discussed by the
Caltech group and their co-workers �24�. Since failure appears to
be a collective phenomenon and fluctuations cannot be neglected,
several network and lattice models have been introduced �25–29�.
The advantages of these simple models are their ability to repro-
duce some essential features of failure. For instance, Hansen et al.
�30�, Schmittbuhl et al. �31�, and Hansen and Schmittbuhl �32�
proposed a fuse model to reveal the scaling properties of brittle
fracture surfaces. It is shown that the large-scale universal rough-
ness of brittle fracture surfaces is due to the fracture propagation
being a damage coalescence process described by a stress-
weighted percolation and the roughness exponent is in full accor-
dance with the value in experiments.

The development of these multiscale studies promoted the es-
tablishment of some new journals and a number of symposia,
among which the following may have special interests. The jour-
nal Physical Mesomechanics began in 1998 in Russia. “In the
physical mesomechanics a solid under loading is considered as a
multilevel self-organizing system where the plastic flow develops
self-consistently as shear stability loss at micro-, meso-, and mac-
roscale levels” �33�. The other newly founded journal is SIAM
Journal on Multiscale Modeling and Simulation �MMS�. As for
the nature of multiscale problems, MMS manifested as follows.
“Multiscale modeling is highly interdisciplinary, with develop-
ments occurring independently across fields. A broad range of
scientific and engineering problems involve multiple scales. Tra-
ditional monoscale approaches have proven to be inadequate,
even with the largest supercomputers, because of the range of
scales and the prohibitively large number of variables involved.
Thus, there is a growing need to develop systematic modeling and
simulation approaches for multiscale problems” �34�.

Similarly, a number of international symposia were held to ex-
plore the perspectives and new paradigms to cope with multiscale
problems. For example, MRS Symposium on Advances in Mate-
rials Theory and Modeling—Bridging over Multiple-Length and
Time Scales �19�, the series of Mesomechanics �35,36�, Interna-
tional Symposium of Multiscaling in Mechanics �37�, etc.

From the variety of publications and activities, one may ask
what are the new exact requirements involved in the problems
with multiple scales? In order to understand this, we turn to a
specific problem to illustrate why the available approaches are not
enough to deal with this kind of multiple scale problem and what
the new challenge is.

2.3 Illustrative Example With Multiple Space and Time
Scales: Spallation. On the spectrum of damage accumulation,
there are two extreme time-dependent cases: creep, i.e., the rup-
ture under long-lasting load from hours to years; and spallation,
the rupture under transient loading like nano- to microseconds.
Both depend on the magnitude and duration of the imposed load.
Clearly, the usual material properties, such as material strength,
cease to be constant in the two cases. The six-layer hierarchy of
integrated predictive prognostics �4� mentioned previously may
result from similar processes. Thus, damage evolution is a nice
example to illustrate the effects of coupled multiple space and
time scales on macroscopic behaviors of materials. Since creep is
quite familiar in the mechanics community, a brief overview is
given on spallation below.

From experimental observations, a quite universal criterion of
time-integral for spallation has been used for a long time �38�,

��/�* − 1���t = K �1�

where � and �* are stress and a stress threshold, respectively, �t
is the load duration, and � and K are two parameters. This crite-
rion indicates that the critical stress to spallation is no longer a

material constant, but a variable depending on its loading dura-
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tion. Furthermore, since the power exponent � in the criterion is
usually neither 1 nor 2, the criterion implies neither momentum
nor energy criteria macroscopically �39–41�. Then what is the
mechanism underlying the time-dependent failure? Actually, this
is a common difficulty in dealing with time-dependent and multi-
scale failure in solids. Perhaps, one way out is to explore the
evolution of distributed microdamage at mesoscopical scale.

Furthermore, a number of interesting phenomena relevant to
spallation were reported by Russian researchers. For instance,
anomalous increase of steel spall strength was reported and inter-
preted in terms of tensile stress relaxation resulting from marten-
sitic transformation �41�; spall strength measurements for quartz
single crystals by taking account of failure wave formation �42�.
Some systematical summary of Russian scientists’ observations
and analysis of spallation in solids under shock-wave loading can
be referred to Kanel et al. �43�.

Davison and Stevens �44,45� extended the concept of con-
tinuum damage to spallation. Particularly, they noted the differ-
ence between simple and compound damage accumulation.
Simple damage is a process, whose rate is independent of existing
damage, at the early stage of damage evolution. Later, damage
accumulation would become dependent on the amount of damage
already present, since that for a damaged sample further damage
may develop more easily than before. At this stage, the rate of
damage accumulation would become a function of applied stress
as well as the damage present. This is compound damage accu-
mulation. They accurately pointed out the significance of com-
pound damage in failure. However, what is the physical essence of
compound damage has remained open for a long time.

In the 1990s, Meyers �46� and Grady and Kipp �47� made com-
prehensive and critical reviews on the study of spallation. On the
one hand, they noted that “the current availability of high-speed
computers and shock-wave propagation codes makes possible the
development of continuum models of fracture and fragmentation
to include in these codes.” On the other hand, they stressed that
“we still need quantitative/predictive models based on continuum
measure of spalling and nucleation-and-growth of microcracks.”
“The continuum models based on the statistical nucleation and
growth of brittle and ductile fracture appear to be an attractive
approach, especially with a framework which provides some
forms of a continuum cumulative-damage description of the
evolving fracture state” �48�. Recently, owing to the accumulation
of more data, models and engineering practices for various mate-
rials, this challenging problem drew more attentions again
�49,50�. As pointed by Clifton �49� that “dynamic failure by the
growth and coalescence of grain-boundary microcracks involves
the cooperative interactions of propagating cracks. Insight into
such processes is required from the perspective of stochastic me-
chanics and from computer simulations of the debonding of as-
semblages of grains.” In particular, how to take microstructural
and microdamage evolution quantitatively into account becomes a
focus of macroscopic failure problem. For instance, to explore the
nonequilibrium statistical physics of distributed microdamage and
its trans-scale coupling, which is different from continuum dam-
age mechanics, appears to be a new opportunity.

Specifically, from the above statements one can draw the fol-
lowing picture: spallation is a typical process with coupled mul-
tiple space and time scales. At least, there are two length scales:
the sample size at macroscopic level and the microdamage size at
mesoscopic level. In addition, there is an atomic length scale.
Furthermore, in order to analyze the phenomenon, one should
introduce a representative volume—another length scale larger
than microdamage size, but less than the characteristic scale of
macroscopic inhomogeneity. In particular, for complete spallation,
there is a newly emergent structure—the spalled region, which
may have a submacroscopic length scale. On the other hand, there
are, at least, three time scales: the stress wave loading duration
macroscopically, the two mesoscopic characteristic times: nucle-

ation time and growth time of microdamage. Also, there is an
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atomic time scale, such as the atomic frequency. So, spallation
does serve as an illustrative example with multiple space and time
scales.

2.4 Distinctive Thoughts. As mentioned before, distributed
microdamage as a kind of mesoscopic inhomogeneity often plays
a critical role in failure analysis. Time-dependent spallation, frag-
mentation, creep �51� and deflagration to detonation transition in
propellants and explosives �52� are all such notable examples of
nonequilibrium evolution of mesoscopic entities. Scientifically
speaking, for these problems with coupled multiple space and
time scales, conventional approaches in solid mechanics are al-
most helpless.

For a long time, people have been aware that in mechanical
measurements the scatter in strength is almost always greater than
stiffness. This is because stiffness reflects the average behavior of
microstructure, whereas strength is very sensitive to the micro-
structural details. Hansen et al. �53� has described the matter very
clearly. “It has long been known that material properties may be
strongly influenced by the presence of disorder. However, the sen-
sitivity to the disorder is widely different. Transport properties,
like conductance and elastic constants, are much less sensitive
than breakdown properties such as material strength.” Recently,
Bochenek and Pyrz �54� also shared the similar idea, “there is a
major difference between those systems, for which an average is
sufficient, and those for which one has to construct many realiza-
tions of the microstructure. Averaging is often done by an effec-
tive medium approach and is suitable for predicting properties
such as stiffness or conductivity. However, fracture or electrical
breakdown will depend on specific details in the microstructure
and usually averaging is not acceptable.” As a matter of fact, the
underlying essence of the difference is that the breakdown behav-
iors, like failure and strength, is governed by the trans-scale cas-
cade of microdamage evolution, whereas the conventional linear
transport behavior is something near the equilibrium state. There-
fore, it is obvious that a coupled trans-scale framework is a ne-
cessity for the physical understanding of breakdown behaviors.
Or, we should say that the conventional mechanical paradigm of
solving the three field equations of continuum, momentum, and
energy together with constitutive relation becomes inadequate for
the coupled trans-scale problems. Therefore, we have to explore
some new paradigm to combine the trans-scaled processes.

However, in the course, we encounter two major obstacles. One
is how to properly close the trans-scale coupling, because this
kind of trans-scale formulation usually leads to an endless hierar-
chy from macro- to microscales, like the Bogoliubov-Born-Green-
Kirkwood-Yvon �BBGKY� hierarchy �55�. The other obstacle is
that the averaging usually used in continuum mechanics and most
available multiscale modeling almost always obscures the effects
of some mesoscopic details, which may be magnified and become
critical to macroscopic failure. These, we suppose, are the real
challenges we are facing.

More broadly speaking, McDowell pointed out in the preface of
the ASTM STP on applications of continuum damage mechanics
to fatigue and fracture that these occur “at multiple length scales
with coupling between these scales” and “rigorous treatment of
nonuniformly distributed defects requires tools not yet fully de-
veloped in continuum damage mechanics.” This strongly appeals
to irreversible statistical thermodynamics �56�.

Now, we should extract some guiding thoughts to these new
requirements in the problems governed by coupled multiple length
and time scales. That is to say, what are the key points in the
would-be paradigms to deal with material failure sensitive to the
details at lower levels? The following are some of the issues on
which recent symposia and workshops focused.

Though the existence of mesoscale inhomogeneities and stress
fluctuations have certainly been recognized by experimentalists
and theoretical analysts, the issue of heterogeneous and nonequi-

librium shock front dynamics on the mesoscale has largely been
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ignored, in spite of the fact that these must strongly influence the
phenomena such as fracture and phase transitions. Thus, the fol-
lowing specific questions were posed in the workshop on Shock
Dynamics and Non-Equilibrium Mesoscopic Fluctuations in Sol-
ids �57�: �1� What experimental data are available and what are
their implications? �2� Are there new mesoscale theories for shock
dynamics? �3� How do the theories affect the existing fracture and
phase transition paradigms? �4� What kinds of new computational
and materials models are needed?

In another workshop on Multiscaling in Mechanics, Sih wrote,
“while multiscaling in mechanics is active, growing and develop-
ing new ideas, it should not be taken as the approach to solve the
problem. It only reveals the complex entanglement of scale inter-
actions that seemed to have no simple underlying form” �58�.
Furthermore, he posed some provocative questions. �1� Is there a
one to one correspondence between the material structure entities
and macroscopic properties? �2� Is scaling in size and time a valid
concept to pursue for understanding material behavior? �3� Is it
mandatory to include the effect of imperfections if the bulk keeps
on reducing its size?

Thus, to summarize the new challenge in statistical mesome-
chanics of solids, we will emphasize the trans-scale physics and
corresponding multi-scale coupled formulations, which can reveal
and represent the nonequilibrium damage evolution to failure of
engineering significance.

3 Paradigms of Statistical Averaging and Coupling
Actually, looking at the space and time scales in solids with

microstructures, principally, we are facing problems across three
levels: the microscopic, mesoscopic, and macroscopic levels �Fig.
2� �59�. Strictly speaking, the term of “microscopic” should be
attributed to the processes at atomic level, such as dislocation,
point defect, etc. In this review, we still follow this understanding.
On the other hand, a lot of phenomena at mesoscopic level have
been coined by prefix micro-, but actually occur at mesoscopic
level, such as microcrack, microvoid, microdamage as well as
microstructure �grain and phase structure�. In order to facilitate
communicating with the available references, in this review we
retain these terms, but treat them as mesoscopic ones.

In this section, we first illustrate the importance of various
physics on various levels. Then, we turn to the paradigm of sta-
tistical averaging. Finally, we discuss the specific challenges in
the trans-scale paradigms to deal with nonequilibrium damage
evolution to macroscopic failure.

3.1 Various Physics at Various Levels. There are many il-
lustrative examples to demonstrate the different physics at differ-
ent levels �60�. To link two different level leads to statistical ap-
proaches. In history, the search for the essence of thermal
phenomena led to thermodynamics. As continuum mechanics,
thermodynamics, though correct and reliable, treats materials as
continuum and then cannot provide the specific knowledge of a

Fig. 2 Schematic illustration of the microscopic, mesoscopic,
and macroscopic length scales in a polycrystal †59‡
material. For the understanding of gas behavior, kinetic theory of
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molecules was developed, particularly by Clausius, Maxwell, and
Boltzmann. They found the relationship between the equation of
state of gas and the statistical behavior of a great number of gas
molecules, especially the velocity distribution of gas molecules.
Based on these, Gibbs finished the general theory of ensemble
statistics �61�.

Statistical physics is an approach, different from classical me-
chanics, to study the properties of macroscopic bodies made up of
a great number of particles. For a system consisting of many
particles, even though one could find the general solution of the
corresponding equations governing the particles, “it would be
quite impossible to substitute in this the initial values of the par-
ticles, if only because of the time and paper it would consume”
�62�. More than this, since macroscopic quantities are the statisti-
cal averages in nature, the adoption of a statistical approach is an
objective necessity �61,63�.

Recently, Kadanoff �64� pointed out that in order to examine
fascinating properties of condensed matter systems, such as frac-
ture of materials, and earthquake or avalanche dynamics, there has
been an exposition and reorganization in the intensity and variety
of research what one might call physical dynamics. As science
turns to more and more complex systems, it might be that a sta-
tistical approach will become a crucial input to the next generation
of scientific issues. Also, it should be partially grounded in experi-
ment and partially in a deep analysis of the consequences of the
laws of mechanics �64�.

On the other hand, one may ask if statistical mechanics is a
consequence of classical mechanics. Actually, “there appear new
and distinctive regularities” in the system consisting of many par-
ticles. “These so-called statistical laws, which arise as a result of
there being a large number of particles in the body, can never be
explained in purely mechanical terms,” or say “the importance of
statistics lies in the fact that in nature we are dealing all the time
with macroscopic bodies whose behaviour cannot be described by
purely mechanical methods and which do, in fact, obey statistical
laws” as Landau and Lifshitz wrote �62�. Why? This is because,
under a certain macroscopic conditions the possibilities of micro-
scopic states are numerous and can not be uniquely determined by
the macroscopic condition. The contribution of all possible micro-
scopic states to the statistical average is the new statistical law
�61�.

Moreover, the fundamental difficulty in nonequilibrium prob-
lems with multiple space and time scales in solid mechanics is due
to the hierarchy of microstructures with various physics at various
levels in solids. To understand this difficulty, first let us recall how
to treat a perfect gas and a simple solid in traditional statistical
physics.

Perfect gas �treated as system consisting of nearly free par-
ticles� and simple solid �treated as system consisting of linear
oscillators� under equilibrium are the simplest cases. Taking per-
fect gas as an example, there are only two levels, molecules and
continuum, and there is no interaction between molecules except
for the moment of collision. Therefore, in order to link the two
levels, we need only two constants: Avogadro constant NA=6.02
�1023 mol/mole �the total of molecules� and Boltzmann constant
k=1.38�10−23 J /K �a constant introduced by Boltzmann statis-
tics�. Then, the equation of state of perfect gas can be derived by
the physical essence of macroscopic pressure p proportional to the
total kinetic energy of translational motion of all molecules and
Boltzmann statistics �61,62�

pva = NAk� = R� �2�

where � is temperature, �a is specific volume, R=NAk is molar gas
constant, a previously macroscopic empirical constant, but with a
clear microscopic physical basis �see Fig. 3�.

Based on a similar idea but with a bit more calculations, the
Grüneisen equation of state was established for solids �65�. In this
approximate formulation, the crystalline solids are treated as a

simple dynamic system, consisting only of a number of linear
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oscillators. Also, the only stress is pressure. In this way, Grüneisen
equation of state of solids has a form similar to perfect gas and
characterized by Grüneisen coefficient �, like the gas constant

�p − pk�V��V = ��E − Ek�V�� �3�

where pk and Ek are “cold” pressure and energy, respectively.
These two examples demonstrate two significant points. One is

that the equation of state is by no means a system of motion
equations of particles, but a new statistical law. The other is the
reason why this trans-scale formulation is so simple lies in two
aspects of these two systems: equilibrium and nearly no interac-
tion of particles. Therefore, the principle of equal probability is
valid and the probability distribution function is simple.

Looking back to the processes at mesoscopic levels of solids
like damage evolution, we are not so lucky, Fig. 3. The problems
at these levels are usually very dirty owing to nonequilibrium and
strong interaction. One has to understand how the physical es-
sence at lower levels is strongly coupled and transferred to a
higher level during the course of nonequilibrium processes and
how this influence on the higher level is formulated.

3.2 Paradigm of Statistical Averaging. Now, let us examine
the main difficulties involved in the statistical paradigms linking
multiple space and time scales in solids.

The fundamental principle of statistical physics is that macro-
scopic quantities are the statistical averages of their corresponding
microscopic quantities �61�. However, when we examine a mac-
roscopic quantity, such as density, we should examine a volume
macroscopically small but microscopically large. If the volume is
too large, then the macroscopic inhomogeneity cannot be charac-
terized in terms of them; if the volume is too small, it presents
strong statistical fluctuations. Also, the measurement of macro-
scopic quantities should be performed in a process macroscopi-
cally short but microscopically long, otherwise one cannot exam-
ine the macroscopically temporal variation of the field and cannot
confirm the average resulting from a large number of particles.
Hence, only when these assumptions are effective, the macro-
scopic quantities are the averages of all possible microscopic
states under a given macroscopic conditions �61,63�. Still take gas
as an example. Even in a cube of 1 mm3 there are still 2
�1016 molecules and a molecular will collide with others 1010

times per second in the condition of standard atmosphere and zero
degree centigrade. All these guarantee that the representative vol-
ume can be characterized by statistical averaging variables with
small fluctuations.

Since statistical mechanics starts from equilibrium, it begs
many interesting questions, as noted by Kadanoff �64�. “How long
need we wait to attain equilibrium? Why do we say that all sys-

Fig. 3 Microscopic and macroscopic scales in traditional sta-
tistical physics
tems reach the same equilibrium independent of their dynamics?
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Is this independence really true? How much can we say about the
relaxation to equilibrium? How general is the mode of equilib-
rium? To begin to treat these questions one must have a dynamical
perspective.”

All these fundamental aspects in statistical mechanics become
much more crucial in solids. For instance, for a representative
volume element of 1 mm3 containing grains of 1 �m in length,
there are 109 grains. In addition, the frequency of an atom as an
oscillator in solids, like the Debye frequency, is about 1012–13 Hz,
but the characteristic time for microdamage growth is about
10−6 s. So, how to develop proper methods based on statistical
mechanics to determine the size of the representative volume el-
ement is crucially important �66�. The dilemma is that the size of
a representative, volume element should be large enough mesos-
copically to be statistically representative, but small enough mac-
roscopically to be a constitutive element in the macroscopic field.
In “pure” deformation problems, i.e., only atomic events in crys-
tallines are involved, a representative volume element of 1 mm3

in usual time scales, like seconds, does satisfy the assumptions.
Therefore, these problems can be solved by integrating continuum
mechanics equations and a constitutive relation. In these cases,
constitutive relation, though resulting from atomic processes, can
be an independent formulation. However, for the phenomena like
failure and breakdown, the correlation length may become very
large and stress fluctuations become very significant. Also, the
macroscopic imposed time scales may become comparable to the
mesoscopic intrinsic ones, like the microdamage growth rate.
From various numerical simulations it is found that these behav-
iors of such a system in which microstructural evolution-induced
catastrophe occurs is governed by its mesoscopic configuration
and stress fluctuations, not just their macroscopic mean values,
hence show sample specificity �67,68�. Aidun et al. �66� suggested
that the correlation length could be taken to define the linear di-
mension of an RV because it marks the crossover between small
length scales, on which different regions of the system behave
differently, and the large length scales, on which all regions of the
system are comparable. Moreover, for the nonequilibrium pro-
cesses of microdamage evolution, it is not certain whether the
principle of equal probability can still work or not. Hence, thus
far, how to form a general trans-scale formulation based on the
ideas remains open yet.

3.3 Some Thoughts on Trans-Scale Coupling. Carefully ex-
amining some available approaches to multiscale problems, one
may find that they are usually based on two fundamental assump-
tions. One is the self-similarity on various scales, and the other is
the so-called adiabatic approximation, namely, the effects of
smaller scales on behavior at a larger scale can be formulated by
the averages on small scales. These approaches are very helpful
for the properties, such as stiffness in engineering practices, but
may not be suitable for damage evolution to failure.

Recently, He et al. and Wang et al. clarified this issue more
clearly �69,70�. They stated that the essence of multiscale phe-
nomena results from diversity and coupling on various length and
time scales. There were two approaches developed in dynamics to
deal with multiscale problems last century. For the problems with
physical similarity on various scales, looking for similarity solu-
tions is an effective approach. On the other hand, for the problems
with weak coupling between two levels, perturbation methods
with small parameters are very helpful. However, the multiscale
problems we are facing now are different from those and the
similarity solutions and perturbation methods are no longer
suitable.

For the problems concerning evolution-induced catastrophe
with multiscales, there are two fundamental difficulties. One is
that there are different physics on different scales; therefore, self-
similarity no longer works. The second is catastrophe is essen-
tially sample specific; that is, the behavior of catastrophe on large
scale will become sensitive to some details of microstructures on

small scales so the adiabatic approximation does not work �67�.
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Furthermore, the damage and failure of solids under external
loading are usually far from equilibrium state. Hence, equilibrium
theories cannot be used to describe the phenomena properly.
There are no simple direct connections between atomic and mac-
roscopic features in the case of nonequilibrium process. A notice-
able feature is the richness of structures and processes on mesos-
copic length scales, such as grains, microvoids, microcracks, and
their collective effects, which play a significant role in the
phenomena.

Moreover, there are various mesoscopic kinetics with various
time scales. Thus, not only length scales but also various time
scales play significant roles in damage and failure �71�.

Then what can be the key to the would-be paradigms in the
coupled multiscale problems? Barenblatt �72� constructively pro-
posed that, to determine the governing influence of the variations
of the material microstructure on the macroscopic behavior of
bodies, the macroscopic equations of mechanics and the kinetic
equations of microstructual transformations should form a unified
set that should be solved simultaneously. Additionally, he noted
the significance of the Deborah number,

De =
��relaxation time scale�
��imposed time scale�

�4�

The Deborah number implies the ratio of the characteristic relax-
ation time of a mesoscopic process to corresponding imposed
macroscopic time scale in the problems. This idea may become
crucially important in trans-scale formulations because the rate
processes at the two levels can compete with each other by their
characteristic time scales, as shown by Deborah number, though
the ratio of mesoscopic and macroscopic length scales R= l /L are
very small. These ideas proposed by Barenblatt are very important
in the problems with coupled multiple scales. Of course, there
might be some mechanisms other than the competition of different
rate processes. But, anyway, these ideas remind us of the impor-
tance of trans-scaled coupling mechanisms.

Therefore, some certain distinctive statistical approach should
be explored on this track. The statistical mesomechanics linking
multiple space and time scales is the main concern of this review.

4 Various Frameworks of Mesomechanics of Solids
As discussed in the previous section, the microstructures in

solids at micro- and mesoscales are various and complicated. Un-
like the kinetic theory of gas and the theory of linear oscillators of
solids, the entity and representation in the statistical theory of
mesomechanics of solids can vary depending on various problems
and the various insights of researchers. So, since last century, a
number of different frameworks have been developed. We will
briefly review some typical frameworks, but put emphasis on
those related to breakdown properties rather than transport ones.

4.1 Dislocation Theory. Probably, the dislocation theory is
an early and far-reaching one. In order to answer the question why
the force to break the crystal lattice is much higher than the force
to cause plastic deformation, Orowen �73�, Taylor �74�, and Po-
liani �75� independently proposed the dislocation theory in 1934.
Their answer is that plastic deformation is due to the motion of a
number of dislocations. Clearly, the dislocation theory is not di-
rectly related to the breakdown behavior of solids, but it is very
enlightening in linking multiple scales.

Although the mechanisms governing coupling effects of meso-
scopic sizes on macroscopic behaviors can vary from case to case,
the straightforward way for mesoscopic elements to affect macro-
scopic behavior is the sum of mesoscopic elements. Plasticity re-
sulting from dislocation motion, characterized by a microscopic
length scale, i.e., the dislocation Burgers vector b, is a most im-
pressive example. According to Orowen �73�, the continuum shear
strain rate 	̇ is proportional to the production of mobile disloca-
tion density 
d, dislocation velocity vd as well as the Burgers

vector b,
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	̇ � b
dvd �5�

In this expression, the shear strain rate 	̇ is a macroscopic quan-
tity, whereas the Burgers vector b and dislocation velocity v are
both microscopic quantities. The characteristic microscopic length
scale, namely, the Burgers vector, is coupled to the macroscopic
shear strain rate by the total of dislocations in a macroscopic
element, i.e., the dislocation density 
d. Similarly, Taylor’s dislo-
cation strengthening relation gives the relation between macro-
scopic shear flow stress and microscopic dislocation �74�,

� � �b�
T �6�

where � is shear flow stress, � is shear modulus, b is Burgers
vector, and 
T is total dislocation density, respectively. Hence,
although the mechanism of the total of microscopic elements to
enhance the microscopic length scale effect on macroscopic be-
havior is very simple and even trivial, the concept is very helpful
in various applications.

Later, Kroener established a continuum theory of dislocations
to describe macroscopically mechanical state of single and poly-
crystalline solids. It is a very general field theory to understand the
phenomena of plasticity, residual stress, and lattice curvature
�76,77�. Recently, in the light of Taylor’s relation and Kroener’s
work, a mechanism-based strain gradient �MSG� plasticity theory
was developed by Nix and Gao �78�. In addition, Dai et al. �79�
applied Taylor’s relation to interpret the particle strengthening ef-
fect in metal matrix composites.

Another new development on this track to bridge the atomic
structures with macroscopic behavior in crystalline materials is
the many-body force field �FF� calculation, developed by the
group at Caltech and its coauthors recently �24�. They thought that
the approach is a kind of “divide and conquer” paradigm. There
are three steps. The first is to model the controlling unit process at
microscopic scale. The second is to quantify the synergetics and
dynamics of these mechanisms. Finally, the macroscopic driving
force is correlated to macroscopic response. Clearly, the basis of
this approach is to pinpoint proper unit processes. In their study of
various aspects of plastic deformation, they focus on the processes
related to dislocation mobility, interaction, and evolution, such as
kinks, forest dislocation, dislocation multiplication, and annihila-
tion. By making use of the framework, they successfully calcu-
lated the mechanical response of high-purity Ta single crystal
�24�.

For dislocations on the atomic scale, one could resort to quan-
tum mechanics. However, for tangled dislocations and mesoscopic
defects and damage, the descriptions in present-day theories are
hardly complete. Large-scale computer modeling can provide in-
sight into the behavior of solids as data are averaged at different
scale levels; however, the conclusions are case specific �80�.

4.2 Physical Mesomechanics. Physical mesomechanics, pro-
posed by Panin and his co-workers, is another unified framework.
In their theory, two mesoscopic levels are adopted. At level I,
vortex plastic flow is based on dislocations and characterized by
the scheme “shear+rotation;” whereas at level II new defects,
such as banded mesostructures, appear irrespective of crystallo-
graphic orientations �33,81�. So, a solid in this framework is re-
garded as an ensemble of mesovolumes deformed by shear and
rotation. In addition, continuum mechanics equations and dy-
namic gage theory of defects are used to describe the motion of
mesovolume. They applied the framework to the study of the de-
velopment of fatigue fracture under cyclic bending �81�.

Actually, gage theory of defects can be traced back to
Golebiewska-Lasota �82� and Golebiewska-Lasota and Edelen
�83�. After comparing the defect field and the electromagnetic
field, Golebiewska-Lasota applied gage theory to a continuum
with dislocations or defects. Then precluding the use of the anal-
ogy with electrodynamics, from a gage-transformation point of

view Golebiewska-Lasota and Edelen examined both dislocations
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and disclinations, especially the underlying gage transformation
structure and applied gage invariance to them. Generally speak-
ing, the object of gage theory is a Lagrangian system with some
symmetry. A continuum without defects has some symmetry, but
the appearance of defects breaks it. For instance, the appearance
of dislocations and disclinations in a solid changes its translational
and rotational symmetry respectively �84�. So, the defect field is a
gage field resulting from the defect-induced symmetry breaking of
a basic continuum field, such as an elastic field.

In this sense, this framework is a development of dislocation
and defect theories. Its elegant mathematical form is very impres-
sive. However, its physical significance is not as straightforward
as dislocation theory. Therefore, various gage theories of defects
were developed by different authors �85�. Noticeably, unlike the
Burgers vector b in physical dislocation theory, there is no longer
a characteristic length scale of defects in the theory. This may
limit the application of the theory to concrete engineering prac-
tice.

4.3 Weibull Theory. Different from dislocation theory, where
dislocation is the entity of representation and plastic deformation
is the question to answer, in Weibull theory the random strength of
mesoscopic elements is taken to be the representation. In addition,
in this formulation there is not any explicit or physical mesoscopic
length scale at all, like the Burgers vector b in dislocation. Ac-
cording to Weibull �86�, a macroscopic sample consists of N me-
soscopic elements in series, which obey a distribution function
P��c� of mesoscopic strength �c and may fail independently.
Hence, the failure probability of the macroscopic sample is

F��� = 1 − �1 − P����N �7�

where � is the stress acting on mesoscopic elements. It is worth
noteing that the total of mesoscopic elements N is actually taken
to be the ratio of macro- and mesoscopic length scales. Suppose
that the distribution function P��c� follows Weibull distribution

P��c� = 1 − exp�− ��c

�
	
 �8�

where the characteristic strength � and the shape factor  �also
Weibull modulus� are two trans-scale parameters. Then, the failure
probability of the macroscopic sample becomes

F��� = 1 − exp�− N��

�
	
 �9�

Accordingly, the expectation of the failure probability F��� is
taken to be the average macroscopic strength,

� f =�
0

�

�
dF

d�
d� = �N−�1/���1 +

1


	 �10�

Later, Coleman �87� indicated that fiber does follow the Weibull
distribution. Then, it is usually deduced that there is a power law
of scaling, Eq. �10�, in Weibull theory. As noted before, N implies
the size ratio between the macroscopic sample and its mesoscopic
element. The latter is assumed to be a unit and without any fixed
and characteristic physical value. Thus, Eq. �10� demonstrates that
Weibull theory does not include any characteristic size and is
irrelevant to any mesoscale material length scale �3�.

The concept of Weibull theory has also been widely and suc-
cessfully applied to bundle of fibers, fiber-reinforced composites,
etc. �88–90�, for example Daniel �88� showed that the strength of
fiber bundle follows normal distribution, provided the number of
fibers tend to infinity. Different from the sample consisting of
mesoscopic elements in series, when a sample consists of N me-
soscopic elements in parallel, for instance, parallel loose bundle

�91�, damage D can be expressed by
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D =�
0

�s dP

d�c
d�c = 1 − exp�− ��s

�
	
 �11�

where �s is the true stress acting on mesoscopic elements. Then,
the maximum nominal stress for a macroscopic sample, i.e., the
macroscopic strength � f, will be

� f = �max = ��e�−�1/� �12�

Although the macroscopic strength depends on the two trans-scale
parameters  and �, Eq. �12� is independent of any mesoscopic
length scales and the size ratio N.

Clearly, for the cases with mesoscopic elements in either series
or parallel, Weibull statistical theory implies no characteristic
length scales, as reviewed by Bazant and Chen �3�. Therefore,
principally it may not be suitable to be applied to the materials
and structures with microdamage, microcracks, or microvoids,
provided these mesoscopic structures do not change with the mac-
roscopic size of a sample.

4.4 Stochastic Theory. Real media are usually highly hetero-
geneous. However, in classical continuum mechanics, the collec-
tive effects of heterogeneity are usually packed into macroscopic
constitutive relations by averaging. At most, some internal vari-
ables and their macroscopic empirical evolution laws are intro-
duced as a complement to the constitutive relations. Obviously,
this is insufficient to capture the complexity of macroscopic be-
haviors of heterogeneous media. In these situations, a comprehen-
sive theoretical framework is needed to describe the formation
and evolution of microstructures at appropriate length and time
scales and to establish their connection with the corresponding
macroscopic properties.

Glimm and Sharp and co-workers �6� thought that processes at
micro- and mesolevels are stochastic and then only some kind of
averages of microscopic physics can be observed macroscopically.
Therefore, they proposed a general nonlinear framework of mul-
tiple scale problems,

�U

�t
+ �F�U� = 0 �13�

where U is a continuous but stochastic variable. After introducing
the average of an ensemble, one can compare multiscale calcula-
tions with experimental observations.

In order to understand damage accumulation, especially creep,
Barenblatt �72� proposed a stochastic description of damage field
evolution. He also presumed that mesoscopic damage distribution
and corresponding stress are stochastic. A phenomenological for-
mulation of the kinetics of damage accumulation was assumed as

�D̂

�t
=

qb�D̂,�s,��
�r

�14�

where D̂ is local damage on a cross section, �s true stress, �
temperature, �r the relaxation time of damage accumulation, qb a

dimensionless function of D̂, �s, �, and qb could be assumed to be
of Arrhenius-type kinetics. After introducing the average over the
cross section, for the average damage D, he derived

�D

�t
=

1

�r
�

−�

�

qb„D̂,�s���,�…
w�x − ��d� �15�

where 
w is a symmetric weight function, which indicates the
relative amount of elements �at �� affecting damage at x. After

defining a microstructural length scale � by
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� =��
−�

�

�x − ��2
w�x − ��dx/21/2

�16�

and taking the first two terms of the Taylor series of the function
qb, Barenblatt obtained the following nonlinear reaction-diffusion-
type equation of damage evolution �72�:

�D

�t
=

qb

�r
+

�

�x
���2�s

�r

�qb

��s
	 1

�1 − D�
�D

�x

 �17�

This leads to a stress-influenced damage diffusion. In this way, the
diffusion is dependent on the combination of stress, damage, re-
laxation time, and the length scale �. This equation consists of
continuum damage and its mesoscopic kinetics, as indicated by
function qb and parameters �r and �.

The representations of dislocation and its extensions clearly
link the microstructure of solids to plastic deformation on a mac-
roscopic level very well, but not directly related to rupture of
solids. Although Weibull theory concerns the problem of strength
of solids and provides a certain size effect, it does not link a real
micro- or mesoscopic characteristic length scale to macroscopic
failure. As for the stochastic theory, like that proposed by Baren-
blatt, continuum damage was adopted as the representation and a
mesoscopic length scale � was introduced, but the length scale �
needs a realistic physical explanation in materials. Thus, perhaps
from a mechanical point of view, we had better turn to the real
entity of microdamage at the mesoscopic level in solids and to
establish a more realistic formulation.

As we stated at the very beginning of this review, the main
concern of statistical mesomechanics is the breakdown properties
of solids resulting from microstructures with characteristic micro-
or meso-length scales. In Sec. 5, we will turn to the representation
of microdamage number density and continuum damage based on
microdamage number density.

5 Statistical Microdamage Mechanics: Microdamage
Number Density and Continuum Damage Based on Mi-
crodamage Number Density

If there is a crack in a solid, then fracture mechanics success-
fully characterizes the failure of the solid. However, for most het-
erogeneous materials, such as alloys, ceramics, composites, rocks,
etc., there might be distributed microcracks or microvoids rather
than a single macroscopical crack. Thus, instead of fracture me-
chanics, new theoretical formulations are needed.

For a piece of solid containing preexisting inhomogeneities,
defects, or flaws, what kind of successive changes will appear and
how will rupture occur under external loadings? Obviously, this
problem is the focus in engineering and the goal of statistical
microdamage mechanics.

5.1 Microdamage Number Density. Microdamage, i.e., mi-
crocracks and microvoids, usually refers to tiny cracks or voids
with sizes comparable to that of the graininess �92,93�. Roughly
speaking, microdamage is formed at mesoscopic inhomogeneity,
for example, particulates in alloy. So, in polycrystalline metals
with grains a few �m in size, the appearance of voids or cracks of
about �m in the grain boundaries or within the grains would
constitute microdamage nucleation. The density of such mi-
crodamages on the surface of metals may be in the range of
102–104/mm2.

Moreover, some microdamage may lead to eventual failure ow-
ing to growth and coalescence. Hence, the main issues in damage
evolution are three distinctive processes of microdamage: nucle-
ation, growth, and coalescence, and each has its own distinctive
mesoscopic kinetics. This means that a trans-scale �from meso- to
macroscopic� understanding of damage evolution is badly needed
�46,71,72,93�.

Curran et al. �93� and Cock and Ashby �94� have given com-

prehensive discussions on these mesoscopic kinetics. Generally
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speaking, there are some common features. Firstly, the mesos-
copic kinetics are all dependent on local stress and temperature.
Secondly, nucleation usually follows some size distribution, like
exponential or Weibull distributions �95�. Thirdly, the growth rate
depends on the current size as well as the nucleation size of mi-
crodamage. For coalescence, useful predictive models are still not
very clear so far. Most importantly, how to correlate these meso-
scopic kinetics to the evolution of microdamage number density is
a key problem.

As a matter of fact, early in the 1960s, a kind of statistical
description of microcracks �i.e., number density of microcracks�
was proposed, although the concept was not closely associated
with continuum mechanics �96�. Based on actual counts and mea-
surements of microcrack numbers, sizes, and orientations, Curran
et al. �93� provided a comprehensive description and called it the
concentration of active flaws nf

nf = nf�X,t,C,m� �18�

where t is time, X is macroscopic Lagrangian coordinate that
specifies the center of the material element of interest, and C and
m are the size and orientation of microcracks, respectively.
Clearly, by simultaneously introducing macroscopic Lagrangian
coordinate X and mesoscopic description of microcracks with C,
m, and nf, they intended to introduce the state of microcracks as
an internal variable of the constitutive relation in macroscopic
formulation of damage evolution. In particular, they made exten-
sive measurement of microcrack population in spallation and put
the mesoscopic kinetics of microcracks, such as nucleation and
growth rates, into computational codes of continuum mechanics.
However, because of lacking the governing evolution equation of
microdamage number density in their framework, they had to
adopt a priori assumed and unchanged exponential distribution of
microcracks in their code,

N�X,t,C� =�
C

��
m

nf�X,t,c�,m�dmdc� = Nt�X,t�exp�− C/Cs�X,t��

�19�

where Nt is the total number of microcracks or voids per unit
volume and Cs is a characteristic size for the exponential distri-
bution. Under this assumption, they derived that the growth rate of
all microcracks should be proportional to their size C. However,
this is not in good agreement with the observed and analytic
growth rate of microcracks or microvoids. Therefore, it seems that
the construction of the equation governing the evolution of the
distribution function of microcracks or microvoids is needed.

5.2 Evolution of Microdamage Number Density. Parallel to
these, some encouraging approaches to microdamage evolution
were proposed �97–99� in which both intrinsic mesoscopic rate
processes and statistical features of damage evolution were
involved.

Xing �97� suggested that it would be proper to apply the fun-
damental equation of nonequilibrium statistical physics to the evo-
lution of the distribution function of microcracks,

�n��p,C�
��p = qx��p���C − C0� −

�

�C
�C���p,C�n��p,C�� �20�

where �p is plastic strain, ndC represents the average of microc-
racks within the size range of C and C+dC in unit volume at time
t, qx and C�= �dC /d�p� are nucleation and growth rates, respec-
tively, � is Dirac function, and C0 is nucleation size. As an illus-
trative example, he made a calculation of microcracks evolution
with simple assumptions of C0=0 and C� proportional to 1/�p.

In order to formulate the evolution of microdamage number
density systematically, Bai et al. �98� and Xia et al. �99� examined
the element d�= �pi , pi+dpi��i=1,2 , . . . � in phase space of mi-

crodamage, where pi are all variables describing the state of mi-

380 / Vol. 58, NOVEMBER 2005
crodamage, such as size, orientation, etc., and the balance of mi-
crodamage number density in the element owing to nucleation and
the flux flowing into and out of the element. This balance leads to
the general evolution equation of microdamage number density,

�n

�t
+ �

i=1

I
��n · Pi�

�pi
= nN �21�

where t is generalized time, like actual time, nominal deformation,
cycles, etc.; nN is the nucleation rate of microdamage number
density, Pi= ṗi, where “·” denotes the rate of variable pi.

Based on the experimental measurements of mesoscopic kinet-
ics of microdamage, especially in spallation �93,100,101�, two
most important mesoscopic rate processes, the rates of nucleation

nN and growth Ċ of microdamage, are governed by current and
initial �nucleation� sizes C and C0 of microdamage as well as
macroscopically local average stress,

nN = nN�C0;�� �22�

V = Ċ = V�C,C0;�� �23�

By taking the two general forms of these mesoscopic kinetics, Ke
et al. �102�, Han et al. �101�, and Han and Bai �103� obtained the
basic solution to the evolution of microdamage number density n0
under constant local stress � in the phase space of �C ,C0�,

n0�t,C,C0;�� = � nN�C0;��
V�C,C0;��

, C � Cf ,0

0, C � Cf ,0
� �24�

where Cf ,0�t ;��=Cf�t ,C0=0;��, Cf is the moving front of mi-
crodamage with nucleation size C0 and Cf is determined by t
=�C0

Cf �dC /V�C ,C0 ;���, see Fig. 4 �101,102�. In phase space of
�C�, the number density of microdamage n is

n�t,C;�� =�
0

C

n0�t,C,C0;��dC0 �25�

The unsteady solution of microdamage number density reveals
two fundamental features of microdamage evolution: saturation in
the range of small size and an onward movement of microdamage
front to larger size. Xia et al. discussed the effects of stochastic

Fig. 4 The solution region of microdamage number density
n0„t ,C ,C0…. The shaded indicates where nonzero solution lo-
cates. C=Cf„C0 , t… or C0=C0f„C , t… are the microdamage fronts
moving upward †114‡.
growth on the evolution of microdamage. They found that the
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major features of microdamage evolution in the stochastic and
deterministic models remain the same and the main difference
between the two models appears at the vicinity of the saturation
boundary �104�.

Li and Huang �105� and Li et al. �106� successfully applied the
evolution equation of microdamage to the studies of microvoids in
ductile metals and craze in glassy polymers, respectively. In terms
of the evolution equation of microdamage number density, Hong
et al. �107� revealed the multiple peaks in the evolution of short
fatigue cracks in metals, and this result is in good agreement with
observations.

Now, for the understanding of damage evolution, it seems that
the formulation of microdamage number density, which combines
the population evolution of microdamage and mesoscopic kinetics
in a macroscopic element, has provided a helpful spring board.

In order to form a unified set of the macroscopic equations of
mechanics and the kinetics of microdamage number density, it is
necessary to define the number density of microdamage in a mac-
roscopic spatial element at macroscopic coordinates x. Then, an
associated equations of microdamage evolution and continuum
mechanics were given in �99�

�n

�t
+

��nA�
�C

+ � · �nv� = nN �26�

�
m

�t
+ v · �
 + 
 � · v = 0 �27�

�v

�t
+ v · �v = 
−1 � · � �28�

�ei

�t
+ v · �ei = 
−1�:�v − 
−1 � · h + q �29�

where 
 is mass density, ei is specific internal energy, � is nomi-
nal Cauchy stress tensor, h is heat flux vector, q is the rate of heat
production in unit mass and A is the average growth rate of mi-
crodamge with current size C.

It is worth noteing that several similar formulations of mi-
crodamage field evolution have been used to a variety of damage-
related applications by various researchers. For instance, Van Pa-
penfuss and Muschik �108–110� considered the orientational
density of microcracks with various length and direction and
formed a corresponding balance equation. Under the assumption
of a fixed number of microcracks, some examples with Griffith
criterion for growth onset and Mott extension of microcrack were
treated and the roles of physical assumptions were discussed.

In the formulation presented by Lemanska et al. �111�, the num-
ber of crack tips was adopted as the field variable and its evolution
is governed by a transport equation. They used the transport equa-
tion to the study of crack-tip population in a spherical medium
surrounding a charged hole and found some interesting phenom-
ena resulting from the large number of cracks.

Interestingly, another similar formulation was recently applied
by Kiselev and Kiselev �112� to the study of superdeep penetra-
tion of tungsten particles into a metal target. Superdeep penetra-
tion was observed for hard particles with diameter of �100 �m
and velocity of �103 m/s. Then a small fraction of particles can
penetrate the target to a depth several hundred or thousand particle
diameters. They used a so-called continuum-discrete model to
deal with the unusual phenomenon. The particles are described by
a collision-free kinetic equation of distribution function of par-
ticles in the phase space of macroscopic coordinates and particle
velocity. The kinetic equation is combined with the continuum
equations of the target. By means of this model, the penetration
depth and in-depth distribution of particles in target were calcu-
lated and the results are in well agreement with experimental mea-

surements.
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5.3 Continuum Damage Based on Microdamage Number
Density. As one may note, there are three kinds of coupling in
damage evolution: the coupling between damage and stress fields
at macroscopic level, the coupling at mesoscopic level, as well as
the trans-scale coupling between continuum field and mesoscopic
kinetics of microdamage. Hence, a proper closed approximation
on macroscopic level but with an appropriate representation of the
trans-scale coupling is a key point. In one-dimensional Lagrang-
ian form, the conventional field equations of continuum, momen-
tum, and energy are

��

�T
=

�v
�X

�30�


0
�v
�T

=
��

�X
�31�


0cv
��

�T
= �h

�2�

�X2 +
�ediss

�T
�32�

where 
0 is density of the intact material, �h is the heat conduc-
tivity, � is temperature and ediss is the energy dissipated in the
material element.

As mentioned previously, we should make the three kinds of
coupling be associated with the above three continuum equations.
The relation between continuum damage D and the number den-
sity of microdamage n is

D�t,x� =�
0

�

n�t,x,C� · � · dC �33�

where � is the failure volume of an individual microdamage with
size C, �99,113,114�. The relation between number density of mi-
crodamage and comtinuum damage by averaging was also intro-
duced in �108–110�.

Then, the statistical evolution equation of microdamage number
density �26� can be converted to the continuum damage field
equation by integration under proper boundary conditions �113�

�D

�T
+ D





0

�v
�Y

= f �34�

where

f =�
0

�

nN�C;�� · � · dC +�
0

�

n�t,x,C� · A�C,�� · �� · dC

�35�

f is the dynamic function of damage �DFD�, which represents the
statistical average effects of nucleation and growth of microdam-
age on continuum damage evolution and ��=d� /dC. Obviously,
the function is an agent bridging mesoscopic kinetics of mi-
crodamage and continuum damage.

Now, the five field equations �30�–�34� form an associated sys-
tem for the coupled trans-scale framework. In this formulation,
damage D is no longer an internal variable in constitutive law, but
is a field variable coupled with other field variables. On the other
hand, through this variable continuum field is coupled to mesos-
copic kinetics of microdamage. Hence, this associated system of
equations is different from the conventional continuum mechan-
ics, where the three continuum field equations are decoupled to
any micro- or mesoscopic kinetics of media by means of consti-
tutive relations.

Under the assumption of small damage and locality of consti-
tutive relations, the substitution of the obtained solution of mi-
crodamage number density n �24� into integral �35� leads to a
closed DFD without microdamage number density n and ex-
pressed directly by two mesoscopic kinetic laws of nucleation and

growth rates of microdamage �114�,
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f =�
0

�

nN�C;����C�dC�1 +

�
0

�

nN�C0;���
c0

cf

���C�dCdC0

�
0

�

nN�C;����C�dC �
�36�

The expression of �36� indicates that DFD consists of two parts: a
time-independent term governed by nucleation rate only and a
time-dependent one governed by both nucleation and growth rates
of microdamage. This provides a physical interpretation of the
concept of simple and compound damages proposed by Davison
and Stevens �44�.

The advantage of this approximate, closed trans-scale formula-
tion is that it forms a unified set of the macroscopic equations of
mechanics and the kinetic equations of microdamage, and the set
can be solved simultaneously, as Barenblatt suggested �72�. Wang
et al. �115,116� used this trans-scale formulation to fulfill the cal-
culation of the process of spallation, directly based on the knowl-
edge of mesoscopic kinetics of nucleation and growth of mi-
crodamage. Figure 5 shows the damage profiles with varing De�

and the emergence of localized damage. Moreover, by means of
this trans-scale formulation, Wang et al. �116� were able to ana-
lyze the energy dissipation due to microdamage evolution and
explained why spallation is mainly a rate-dependent phenomenon
and not sensitive to macroscopic energy dissipation, as experi-
ments and empirical formula demonstrated.

Provided strain and damage are both negligibly small and strain
and damage rates are in the same order, the damage field equation
�34� becomes

�D

�T
= Ḋ � f �37�

This is what internal variable theory in continuum damage me-
chanics assumed �11�. Obviously, the expression �36� is the evo-
lution law in continuum damage mechanics.

Therefore, this trans-scale approximation not only provides a
physical ground of continuum damage mechanics, but also gives
an expression of damage evolution law in terms of mesoscopic
kinetics directly.

6 Mechanisms Underlying Trans-Scale Coupling
The mechanisms governing the enhancement of the effect of

mesoscopic length scales on macroscopic properties may vary

Fig. 5 Effects of De* on damage localization trans-scale sen-
sitivity †116‡
from case to case. This is the most tricky aspect in the analysis of
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coupled multiple length and time scales. As pointed out by Bazant
and Chen �3�, the scaling problem of main interest in solid me-
chanics is the dependence of nominal strength on its macroscopic
structure size �denoted by L�. In most cases, as discussed in Sec.
2, the mesoscopic length scale l is usually much less than the
structure size L, like the specimen size in the laboratory. That is to
say, the ratio

R =
l

L
� 1 �38�

Then, how can the small mesoscopic length scale be coupled to
macroscopic length scales and then affect macroscopic behaviors?

6.1 Effects of Total Mesoscopic Elements. As discussed in
Sec. 3, the straightforward way for mesoscopic elements to affect
macroscopic behavior is the total of mesoscopic elements. Plas-
ticity resulting from dislocation motion, characterized by the dis-
location Burgers vector, is a most impressive example. In the dis-
location plasticity theory proposed by Orowen and Taylor, there is
only one microscopic length scale, the Burgers vector b, with no
business of macroscopic length scales, like the size of specimen.

As a matter of fact, the macroscopic strain rate 	̇ can be derived
in the following way �46�,

	̇ =
u

Lt
=

Ndb

Lt
=

Ndb

L2

L

t
= 
dbvd �39�

where Nd is the number of dislocations. Hence, the effect of the
small microscopic length scale, the Burgers vector b, is enhanced
to the macroscopic strain rate by the total of dislocation on a unit
area. Clearly, this is a trivial way for trans-scale enhancement.

In one word, there are two different physics: dislocation motion
on microscopic level and shear strain on macroscopic level, re-
spectively. The mechanism to relate these two processes is the
effect of the total of dislocations.

6.2 Competing Macroscopic and Mesoscopic Time Scales.
Once a problem is rate dependent, namely, multiple time scales
are involved in the problem, we may have to understand how to
characterize the coupled trans-scale effects of multiple length and
time scales.

Since the mechanisms governing the trans-scale coupling ef-
fects vary from case to case, it is truly important to concretely
demonstrate how the multiscales are coupled and how the coupled
combination plays the crucial role in bridging various length and
time scales by case study. To illustrate these, we go back to the
problem of spallation, a real multiscale and rate-dependent prob-
lem �see Wang et al. �116��.

Since the continuum mass and momentum equations are not
directly related to the trans-scale formulation in spallation, here
we list the dimensionless equations of energy and damage evolu-
tion only �116�

��̄

�T̄
= �̄

��̄p

�T̄
+ D*��̄

�T̄
+ �

�2�̄

�Ȳ2
�40�

�D̄

�T̄
+ �

�*

1 + �*�̄
D̄

�v̄

�X̄
=

1

De* · f̄�D*,D̄,�̄� �41�

All variables with bars are dimensionless and normalized, i.e., in
O�1�.

The dimensionless numbers are defined as follows:
The intrinsic Deborah number:

D* =
nN

* c*5

V* �42�
The imposed Deborah numbers:
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De* =
ac*

LV*

or De =
a

LnN
* c*4 , �43�

In Eqs. �40�–�43�, a is the elastic wave speed, �* is the strain
corresponding to the threshold stress �*, �*=�* /E, E=
0a2 is the
elastic modulus of the material, �=���0

�nC2dC
= �nN

* C*4 /V*�O�1�=D*O�1� is the corresponding surface of
damage.

Contrary to common sense, the ratio of length scales on the
meso- and macro-levels R=C* /L does not appear in the governing
equations. This looks very abnormal at first sight. Actually, the
imposed Deborah number De* is a combination of two ratios: the
size scale ratio C* /L and the ratio of two velocities V* /a. De* is
the unique trans-scale dimensionless parameter because the elastic
wave speed a and the sample size L are macroscopic parameters,
whereas microdamage size C* and microdamage growth rate V*

are mesoscopic ones. This is very different from all other dimen-
sionless parameters. On the other hand, De*= tV / tim refers to the
ratio of microdamage growth time scale tV=C* /V* over the mac-
roscopically imposed time scale tim=L /a. Hence, it represents the
competition and coupling between the macroscopically imposed
wave loading and the intrinsic microdamage growth. In the con-
cerned case De*�1, this means that microdamage has enough
time to grow during the macroscopic wave loading. Thus, the
microdamage growth may be the predominate mechanism govern-
ing spallation.

The intrinsic Deborah number D* represents the relation of the
two mesoscopic kinetics: microdamage growth and nucleation.
However, for the intrinsic Deborah number D*, there are four
points worth emphasizing. First, D* characterizes the rate ratio of
two intrinsic mesoscopic processes: nucleation over growth. Ac-
tually, D*= tv / tN, where tV=C* /V* and tN= �nN

* C*4�−1 are the
growth and nucleation time scales, respectively. Second, the in-
trinsic Deborah number D* implies a certain characteristic dam-
age, since

D�t,x� =�
0

�

n�t,x,C� · � · dC =
nN

* C*5

V* �
0

�

n̄NdC̄0�
C̄0

C̄f C̄3

V̄
dC̄

�44�

In this sense, the roles of mesoscale C* and nucleation density rate
nN

* in continuum damage look like the combination of Burgers
vector b and dislocation density 
d in plasticity. Third, it has been
derived that D* is a proper indicator of macroscopic critical dam-
age to localization �114,117�. In fact, it is found in simulations
that the critical damage to localization in spallation is about
�10−3–10−2�, i.e., in the order of D*. Finally, this small D* indi-
cates that the energy dissipation due to microdamage is negligible
compared to the bulk plastic work. This explains why spallation
cannot be formulated by macroscopic energy criterion but must be
treated by multiscale analysis �115,116�.

In one word, in the case study of spallation, there are three
physical processes with three time scales at two levels: the mac-
roscopic imposed time scale tim=L /a�10−6 s and two mesos-
copic time scales, growth time scale tv=C* /V* :10−6 s and the
nucleation time scale tN= �nN

* C*4�−1 :10−3 s. They can form two
independent Deborah numbers, which govern the trans-scale cou-
pling. This means that the competition of the three rates is the
underlying mechanism. Moreover, this mechanism of rate compe-
tition and coupling can interpret why the very short atomic pro-
cesses with frequency of 1012-13 Hz is less important than mi-
crodamage and can be represented by their averages at mesoscale

as kinetics of microdamage in macroscopic damage accumulation.
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6.3 Balancing Macroscopic and Mesoscopic Diffusions.
Different from the Deborah numbers governing spallation, in the
previously cited formulation of damage accumulation �17�, given
by Barenblatt �72�, the macroscopically effective diffusion of
damage is

�L �
L2

�im
:� �2�s

�r�1 − D�
�qb

��s

 �45�

where �im is the macroscopic characteristic time scale. So, the
dimensionless parameter governing the trans-scale coupling in the
formulation is

�2/�r

L2/�im
:

�

�L
�46�

This implies that the macroscopic and mesoscopic diffusions
should be on the same order, or the imposed characteristic time
scale �im will be �L /��2 times the mesoscopic relaxation time
scale �r of microdamage. This might be the reason that the model
is applied to creep.

In one word, there are two different diffusions at mesoscopic
and macroscopic levels, respectively. Though they have different
relaxation time scales, the mechanism underlying the trans-scale
coupling is their balancing diffusion coefficients.

6.4 Emergent Structures. There are some other distinctive
types of problems in solids with coupled multiple length and time
scales, in which the emergence of new structures with distinctive
length scales plays a significant role in trans-scale coupling �118�.
This may be difficult but fascinating. For example, with chemical
reaction and various diffusions �i.e., mass diffusion, viscosity, mo-
mentum diffusion, and energy or heat diffusion�, multiscale and
rate-dependent processes become much more complicated. Apart
from geometric and dynamic similarities, chemical similarity
should be taken into account. Chemical similarity alludes to main-
taining the same mass transfer and chemical reaction characteris-
tics as in the smaller system. One of the most important charac-
teristic dimensionless numbers in this field is the Thiele modulus
� �119�.

The Thiele modulus � describes the relative importance of sur-
face reaction relative to their ability to diffuse

� = r0�KCAi
mr−1

Di
�47�

where r0 is the radius of a spherical particle, K is reaction rate
constant, CAi is surface concentration, Di is diffusion coefficient,
and mr is the order of reaction. Clearly, in the Thiele modulus,
there is a mesoscopic length scale, i.e., the individual particle
radius r0, but not macroscopic size L. However, the Thiele modu-
lus implies some emergent length scale, which does not exist ini-
tially. As a matter of fact, the definition of the Thiele modulus �
indicates the competition of the mesoscopical particle size r0 and
an emergent length scale le of chemical reaction,

le =� Di

KCAi
mr−1 �48�

The emergence of new mesoscopic structures is by no means a
rare event, but a frequent issue in engineering. The emergence of
thermoplastic shear banding is the other example of the emergent
length scale in solid mechanics �120�,

le:��h · ��

�	̇
�49�

where �h is the heat conductivity of solid, and � and 	̇ are shear
stress and shear strain rate, respectively.

It seems that the appearance of localized structure with emer-

gent length scale may be a common feature in generalized
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reaction-diffusion systems, and the square of the new emergent
length scale appears to be proportional to the diffusion but in-
versely proportional to the reaction or a source term �121�.

In one word, the balance of the emergent structure and the
existing ones may become a mechanism underlying the trans-scale
coupling.

Above all, the four examples reviewed in this section can by no
means embrace all possible mechanisms governing the trans-scale
coupling in problems with multiple space and time scales. As we
stressed again and again, the mechanisms underlying multiphysics
and multiscale coupling may vary from case to case. Hence, to
explore the balance and competition of various physics at various
levels is a real challenge and a fascinating job �122�.

7 Evolution-Induced Catastrophe and
Trans-Scale Sensitivity

“The world of many particle systems, which is the primary
focus of statistical theory, is so diverse and rich that nobody could
guess the richness that it contains using just pure thought or pure
theory,” �64�. Evolution induced catastrophe in solids is such a
subject �71�.

The above formulation of statistical microdamage mechanics
can help us to deal with damage evolution to catastrophe, but it
does not provide insight into the very catastrophe transition. This
implies a need of some new concepts on the nonequilibrium and
strong interaction between microdamage when a system is ap-
proaching failure and multiscale correlations occur from mesos-
copic to macroscopic scales in the system.

Actually, the catastrophic failure in solids results from a cas-
cade of microdamage from small to large scales in the case far
from equilibrium. For such a complicated process, experiment
and/or simulation have to come first to expose the main phenom-
ena. In fact, any research study of statistical phenomena must be
heavily based on experimental knowledge. In the exploration, one
is looking into uncharted territory hoping to find something new
and unexpected �64�.

7.1 Sample Specificity. Clearly, the catastrophic failure in
solids is sensitively dependent on some details of mesoscopic het-
erogeneity and dynamical evolution of damage plays an important
role in the catastrophe transition. Recent numerical simulations
�27,67,68� show that the �-� data collapse onto the same curve in
the initial regime. But, with increasing deformation, the deviations
from the scaling become stronger and stronger and differences in
failure of samples become distinct. These results reveal that the
samples show a transition from universal scaling to sample-
specific behavior with increasing damage, namely, significant dif-
ferences at failure from sample to sample, even though they are
initially identical macroscopically. This leads to an important fea-
ture of evolution induced catastrophe: sample specificity �SS�
�71,123�.

This sample specificity in evolution-induced catastrophe is very
common in engineering. According to their lattice simulation on
failure of fiber composites, Curtin �25� and Curtin and Scher �26�
co-workers indicated the complexity of failure. “Distributed fiber
failure continues in a stable manner until a cluster of broken fibers
reaches some critical size, triggering the catastrophic failure of the
composite.” And, “a fully predictive capability is presently lack-
ing because the statistical characteristics of the fiber strength dis-
tribution require a 3D calculation with the features of fiber pull-
out, accurate load transfer functions from broken to intact fibers,
and resulting stress distributions for arbitrary spatial distributions
of the fiber breaks.”

7.2 Trans-Scale Sensitivity. As a nonlinear dynamical sys-
tem, the final state is determined by its initial state, but the final
differences at failure between the samples with minor initial dif-
ferences at mesoscopic level can be strongly enhanced by the
dynamical evolution. Thus, both initial mesoscopic differences

and nonlinear dynamical evolution are inherent in the sample
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specificity of failure. This is a trans-scale sensitivity
�71,123–125�. The ideas of sample specificity and trans-scale sen-
sitivity can be illustrated by a simple evolution of two chains with
the same initial damage fraction but a minor difference in initial
damage pattern, i.e., Hamming distance tends to zero �see Fig. 6�.
In fact, this simple example clearly demonstrates that though the
two samples are the same in initial damage fraction �an average at
macroscopic level�, nearly the same in distribution function �a
statistical description of mesoscopic elements�, even in Hamming
distance when N tends to infinity �an exact static description of
patterns at mesoscopic level�, they still behave differently in the
cascade of microdamage evolution to catastrophe. This indicates
the significance of trans-scale sensitivity at catastrophe transition.

Sahimi and Arbabi �126� emphasized the importance of this
phenomenon clearly. “In real engineering materials and in natural
rocks, the presence of large number of flaws with various sizes,
shapes, and orientations makes the problem far more complex.
Disorder comes into play in many ways during a fracture process.
Even small, initially present disorder can be enormously amplified
during fracture. This makes fracture a collective phenomenon in
which disorder plays a fundamental role. In fact, due to disorder
brittle materials generally exhibit large statistical fluctuations in
fracture strengths, when nominally identical samples are tested
under identical loading. Because of these statistical fluctuations, it
is insufficient, and indeed, inappropriate, to represent the fracture
behavior of a disordered material by only its average properties,
an idea which is usually used in mean-field approaches: fluctua-
tions are important and must not be neglected.”

7.3 Emergence of Failure Structure. In principle, the failure
of brittle media can be formulated by traditional energy criterion,
like the instability of rock samples under an elastic testing ma-
chine �127�. A catastrophe can be defined as the infinitesimal in-
crement of external controlling variable that induces finite re-
sponse of the system. In particular, a catastrophe occurs when
released and dissipative energy become larger than the external
input work. However, a catastrophe may occur at different scales.
The catastrophe at mesoscopic scale is usually attributed to meso-
scopic damage, whereas the materials failure corresponds to the
catastrophe at macroscopic or global scale. Unfortunately, when

Fig. 6 „a… Quasi-Fibonacci series „1,2,3,5,8,13,20,…… of break-
ing is a sensitive microstructure for cascading, In „b…, the cas-
cading will stop at a stable status †71‡.
the media are no longer homogeneous, namely, heterogeneous

Transactions of the ASME



with mesoscopic structures, the energy criterion may become un-
certain. Zhang et al. provide an example to illustrate the interest-
ing aspect of statistical microdamage mechanics �128�.

For a heterogeneous elastic brittle medium with Weibull distri-
bution of mesoscopic strength, under local mean field approxima-
tion, its nominal stress �0–strain � relation can be expressed by

�0 = � exp�− �� �50�

Beyond the maximum of nominal stress, any mesoscopic elements
of the sample may deform either with increasing strain or with
decreasing strain under the same nominal stress. So, in this situ-
ation, the sample may be split into two parts. In one part, damage
will no longer develop and deformation will restore, correspond-
ingly their stored elastic energy will release. In the other part, the
material will continue its deformation and damage process, sup-
ported by the energy input into the part. Provided the released
elastic energy exceeds the energy required by the continuing dam-
age part of the sample, a self-sustained failure may occur, even
though the external boundary condition remains rigid, namely, no
external input energy at all. This critical condition can be ex-
pressed by

� f� = �� max �51�

where � f is the critical strain for failure, 0��= ��L0−Lf� /L0�1/

�1 is the size ratio, and L0 and Lf are the sizes of the sample and
the failure part, respectively.

From this simple analysis, the critical strain to failure may vary
from the strain at maximum stress to infinity, depending on the
size ratio �. Actually, this is an uncertainty relation between the
critical strain to failure and the size ratio. The reason for the
uncertainty lies in that without thorough and exact knowledge of
the mesoscopic details of the sample; one cannot know which part
of the sample will fail beforehand. In fact, unless knowing all
mesoscopic information, like the mesoscopic spatial distribution
of heterogeneity and the induced stress fluctuation in the sample,
one can never predict the failure accurately.

7.4 Critical Sensitivity (CS). “In breakdown process, such as
the seemingly simple case of brittle fracture—i.e., fracture that do
not involve local plastic deformation—extremely sensitivity to
rare events makes the problem very difficult to handle theoreti-
cally” �53�. In fact, owing to sample specificity, trans-scale sensi-
tivity, and the emergence of the failure structure in evolution-
induced catastrophe, we can hardly obtain a deterministic
prediction of failure in inhomogeneous media, by either macro-
scopic averaging parameters or conventional statistics of mesos-
copic inhomogeneities. Then what can we do in prediction of
failure in such solids? Perhaps, the concept of critical sensitivity
can provide some help in coping with the problem
�71,125,128–130�.

The critical sensitivity means that, in heterogeneous brittle me-
dia, the response of the system to controlling variables, such as
external loading, may become significantly sensitive as the system
approaches its catastrophe transition point. There may be various
definitions of the response and sensitivity. For example, the sen-
sitivity can be defined by �71,125�

S =
�E�/���

�E/��
�52�

where �� and ��� are the increments of the load �i.e., the gov-
erning external variables� and ��� is greater than ��, �E and
�E� are the increments of energy release induced by �� and ���,
respectively. It has been found that there is a significant increase
in S when a sample is approaching its catastrophe transition �see
Fig. 7�. Hence, if the increments of energy release and a govern-
ing variable are both measurable, critical sensitivity may provide

clues for catastrophe prediction. This concept has been applied to
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rock tests and earthquake forecasts and looks promising �128�.
Finally, we have to point out that the above-reviewed concepts,

though very helpful in understanding the trans-scale coupling at
failure, are by no means a complete formulation of evolution-
induced catastrophe. More effective and practical formulations are
still sorely needed.

8 Concluding Remarks
From this review, the following remarks can be made.
The study of phenomena with coupled multiple space and time

scales is a need and an opportunity. This is especially true for the
problems in solid mechanics with microstructures. In particular,
stiffness reflects the average behavior of microstructure, whereas
strength is very sensitive to the microstructural details. Therefore,
the main concern of coupled multiple space and time scales in
solid mechanics should be devoted to those topics related to
breakdown properties. In order to form a trans-scale theoretical
framework to link coupled multiple space and time scales, the
mechanisms governing how the mesoscopic kinetics are in bal-
ance with macroscopic equations of mechanics should be clari-
fied.

The fundamental difficulty in the problems with coupled mul-
tiple length and time scales in solid mechanics is due to the hier-
archy and evolution of microstructures with various physics and
rates at various length levels in solids. These multiscale problems
are different from those relatively uniform and with physical simi-
larity on various scales or with weak coupling on two levels.
Thus, global averaging, similarity solutions, or perturbation meth-
ods are no longer suitable; some new statistical approaches should
be explored.

The microstructures at mesoscales in solids are various and
complicated. Unlike the kinetic theory of gas and the theory of
linear oscillators of solids, the entity and representation in statis-
tical mesomechanics of solids can vary greatly, depending on vari-
ous problems. Some typical frameworks are reviewed in this pa-
per. The emphasis is put on their representations, characteristic
mesoscopic length scales, the mechanisms governing the transfer
of mesoscale parameters to macrobehavior, and their trans-scale
formulation.

For trans-scale damage evolution, usually there are several
length and time scales. The length scales are microdamage size at
mesoscale and the sample size at macrolevel, whereas the time
scales are nucleation and growth rates of microdamage at me-
solevel and the imposed loading duration at macrolevel. So, sta-
tistical mesomechanics with the associated equations of con-
tinuum mechanics and microdamage evolution is a proper
approach, which includes the nonlinear coupling of the stress field

Fig. 7 Critical sensitivity of cluster mean field „CMF… model
„N=10,000, �=2… †125‡
and the evolution of microdamage. For an illustrative problem—
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spallation, the Deborah numbers, namely, the ratios of multiple
time scales—are the key factors governing the multiscale process.

A cascade of damage evolution magnifies the effects of micro-
structures on failure and induces trans-scale sensitivity. This is the
essence of sample specificity �SS� in failure. For the sake of pre-
dicting evolution-induced catastrophe, the concept of critical sen-
sitivity seems to be promising, in practice.

The new challenge in statistical mesomechanics of solids is to
deal with the coupled physics with multiple time scales at multiple
space scales, to understand the nonequilibrium evolution to catas-
trophe of engineering significance, to establish the corresponding
coupled trans-scale formulations, and to clarify the mechanisms
underlying the trans-scale coupling
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